Haidinger's Brushes (HB) are entoptic phenomena resulting from differential absorption of linear polarized light by the human macula. Computational models have assisted in understanding the behaviour of these subjective phenomena, but have been limited in their application. This study presents a revised computational model that incorporates known determinants of the form and behaviour of HB. The model generates both static and animated simulations of HB that can be quantified by their density, contrast and radial/circumferential extent. Measured physiological parameters are used to demonstrate the dependency of HB on macular pigment (MP) density, MP distribution and ocular retardation. Physiological variations in these parameters explain the reported variations in the perception of HB.
Introduction
The entoptic phenomenon of Haidinger's brushes [1] (HB) is a manifestation of the human eye's ability to detect linear polarized light [2] . The brushes are perceived by most humans with normal vision when observing a uniform field of linear polarized light. Observed with white polarized light, they appear as a faint yellow hour-glass like image radiating 1 -4° from the point of fixation. Blue areas between the yellow brushes [3] are most likely a secondary effect of yellow-blue colour opponent neural processes [4, 5] . HB fade after several seconds [6] due to retinal adaptation, but a persistent image is obtained by rotating the plane of incident polarization, in which case the brushes typically appear to rotate in the same direction. Variability in HB orientation direction and contrast throughout a rotation is influenced by the intrinsic optical retarding properties of the cornea [7, 8] and externally placed optical retarders [9] .
The accepted explanation for HB is that they are generated by differential absorption of polarized light by radially arranged pleochroic elements within the macular retina [10, 11] . The dependence of HB on intact macular anatomy has led to their clinical use for the detection of eye disease in which there is macular dysfunction (e.g. age related macular degeneration) [12] [13] [14] . The strong association between HB and macular pigment [5, 15, 16] has led to recent quantitative investigations of HB [17] as a possible index of macular pigment density. This renewed interest in HB as a potential clinical test highlights the importance of understanding the properties of the phenomenon in both health and disease.
The entoptic nature of HB means that it cannot be imaged objectively: any pictorial representations are typically artistic impressions, the most accurate of which are probably those of Haidinger's original paper [1] . Furthermore, the phenomenon is faint and perceived differently between observers [11] . Theoretical models have therefore been a convenient way of exploring the form and behaviour of HB and in advancing understanding [18] [19] [20] . To date, these models have assumed the macula has perfect radial symmetry, there is complete absorption of polarized light (full diattenuation), and that there is no spatial variation in the ability of the macula to absorb polarized light.
The present study refines earlier models by incorporating components that represent the spatial distribution and absorptive properties (diattenuation) of radially orientated pleochroic macular elements. Variations in the morphology of HB are simulated using density functions relevant to known experimentally-determined macular pigment distributions. The utility of the model is also demonstrated by static and animated dynamic simulation of the effect of physiological values of ocular retardation.
Theory and Methods
The theory of HB is concisely described using Mueller matrix transformations of the Stokes' vector representation of polarized light [19] . The components (Stokes' parameters) of the Stokes' vector S = (S0, S1, S2, S3) T describe the polarization state of monochromatic light. The properties of optical components with respect to polarized light, including those of the eye [21] , are defined by standard Mueller matrices [22] [23] [24] . The polarization output expected from an optical system is derived by multiplying the product of the Mueller matrices of its components with the Stokes vector representation of light input Sin. The resultant output Stokes' vector Sout can then be analyzed to determine the intensity, degree of polarization and state of polarization of the emergent beam.
A. Mueller matrix model of the human eye
In the present study the polarization optics of the human eye relevant to HB is represented by the Stokes/Mueller formulation:
Linear polarized light with e-vector azimuth ε entering the system is defined by the Stokes vector Sin[ε ]. This is incident first on the cornea and then other refracting structures of the eye, which combined act as a retarder represented by the Mueller matrix MR[φ, α ], where φ is the magnitude of retardation and α is the azimuth of principle (slow) axis.
Ocular retardation is predominantly due to corneal birefringence [21] and is assumed to be uniform along the visual axis [25] . Corneal retardation transforms the state of incident polarization (e.g. from linear to elliptical) depending on φ and the orientation of α relative to ε. It is assumed that there are no depolarizing effects due to, for example, light scatter, and that the stimulus is a homogenously illuminated polarized light field illuminating the macular area. As such, the refractive optics of the eye need not be considered. After passing through the ocular refracting structures, the polarized light is then incident on the retina where it undergoes selective absorption within the region of the macula. The spatially-dependent light transmission properties of the macula are represented by the Mueller matrix MM[x, y, k1, k2] which, in this case, acts as a radial diattenuator. The diattenuation (D) of an optical component is the dependence of the intensity transmittance of the exiting beam on the polarization state of the incident beam. It is quantified by the ratio of absolute difference to the sum of the orthogonal major (maximum) and minor (minimum) transmittances k1, k2, such that 0 ≤ k2 < k1 ≤ 1 and D = (k1 ̶ k2)/(k1 + k2) [26] . In this model k1, k2 are, respectively, radially and tangentially orientated about a central point that coincides with the centre of the macula and is the origin (x = 0, y = 0) of a Cartesian coordinate system. In previous studies [18] [19] [20] the macula was assumed to act as a perfect polarizer/analyzer (k1 = 1 and k2 = 0), while the current model allows any transmittance values. Note that the macula has intrinsic birefringence, with radially symmetric principle axes of retardation aligned with principle transmittances [27] . This configuration has no effect on polarization state in the configuration investigated in this study and as such macular birefringence is ignored in the present model.
After passing through the macula, the state of polarization of light incident on the photoreceptors is defined by the Stokes' vector Sout at a point (x, y). Human photoreceptors do not differentially respond to polarization state under normal physiological conditions of illumination parallel to the receptor long axes [28] : it is therefore here only necessary to consider the first (intensity) component of the output Stokes' vector (S0). Examples of the mathematical method are detailed elsewhere [19] .
B. The HB model
Evaluating Eq. (1) for the output of the first Stokes' parameter allows an expression to be derived for the intensity of light reaching the photoreceptors, the light transmission function (TH), such that 
(2)
Where D(x, y) ∈ {0, 1} is a density function that modulates TH in twodimensional space..
C. The density function and macular pigment density
The density function describes the density and two-dimensional distribution of the region of the macula that absorbs polarized light. In previous models this was assumed to be uniform and boundless (D(x, y) = 1, Figure 1a ). For the present study, the density function is assumed to correspond to the distribution of macular pigment optical density (MPOD), although any other mathematically defined function can be used.
The distribution of macular pigment varies considerably in magnitude and extent between individuals [29] , but several patterns are consistent [30] and five categories (A -E) are described [31] . Category A (11% of cases in Sharifzadeh et al's study) has very low MPOD and will not be considered here. In the majority of individuals MPOD declines monotonically as a function of distance from the foveal centre (Sharifzadeh et al's categories B (22%), C (28%), E (12%)). Some data fit an exponential model (category C) in which MPOD is half the central (maximum) value at 1° -2°, and is undetectable from 6 -8° eccentricity [29] . In other individuals there is a bimodal distribution with a central maximum surrounded by an annular plateau (category B) or second annular peak from 0.5° to 1.0° eccentricity [32] (category D (17%)). A further variant [32] has a central 'dip' of reduced density surrounded by an annulus where density exceeds the central value (here categorised D1). Macular pigment profiles are assumed to have approximately radial symmetry [29] [33], although irregular patterns occur in vivo.
The macular pigment density (MPD) model used here (Equation 3) is based on the one-dimensional model of Berendschot and van Norren [32] . This is extended to two-dimensional Cartesian (x, y) space, and comprises an eccentricity-dependent exponential decline (with coefficient A1) and a varying Gaussian component (with coefficient A2); the other parameters are defined together with physiological ranges in Table 1 . The density function of the present study is the normalized form of Equation 3.
D. Dichroic ratio and principal transmittances
The dichroic ratio (G) is the ratio of major to minor principle transmittances (k1/ k2) [15] . A mean value of log10 G = 0.054 (range 0.018 -0.082) at a wavelength of 457.8 nm was determined for seven human eyes in vivo using a method based on the perception of HB [34] . Assuming no extinction for polarized light parallel to the preferred orientation of the pleochroic elements (k1 = 1), the above values of G give a mean value of k2 = 0.88 (range 0.83 -0.96).
Table 1 Parameters and variables defining MPD

E. Corneal Retardation
Birefringence, and hence retardation, is variable and complex across the extent of the cornea [21] . The central cornea, which is that part relevant to the generation of HB, behaves as a simple uniform retarding plate. Comprehensive studies of corneal retardation [25, 35] identify extensive inter-individual variability with retardances ranging from 0 -100 nm, with 'most subjects' falling between 20 -70 nm. The slow axis of retardation is typically 10° -20° from the horizontal in a superotemporal to inferonasal direction. Eyes are approximately mirror symmetric. Whilst the methods of these studies use wavelengths exceeding those at which HB are perceived, comparable results have been obtained using HB detection [15, 36] . In the present study a typical cornea is assumed to have a central retardation of 50 nm (φ = 0.11λ at 460 nm) with the slow axis of retardation directed 15° nasally downwards. A central retardation of 100 nm (φ = 0.22λ at 460 nm) is taken as a maximum physiological value [37] .
F. Simulating HB
It is now possible to simulate the appearance of HB using the 2-dimensional radial diattenuator model (Equation 2) and the MP density function (normalized Equation 3), given appropriate macular density parameters (Table 1) . Computational analysis and graphics generation were performed using Mathematica (Wolfram Research, Inc., Champaign, IL, Version 11.1.1.0, (2017)). The method is demonstrated stepwise in Figure 1 , where it is assumed that there is negligible effect of ocular retardation. Simulated HB intensity for a uniform (D(x, y) = 1), perfect (k1 = 1, k2 = 0) radial diattenuator is shown in Figure 1a . This is identical to the image generated by previous models: note that there is no boundary to the extent of this figure. A density function derived from parameters for model D1 (Table 1 ) is shown as a two dimensional density plot in Figure 1b . The effect of the density function of (b) on the radial diattenuation model (a) is shown in Figure 1c , where the form and intensity of the image is highlighted with contours of 0.75 (75%, outer), 0.5 (50%) and 0.25 (25%, inner) transmission (isotransmission contours). The isotransmission contours have a lobate pattern and are a useful means of outlining the morphology of an otherwise diffuse image. The horizontal and vertical maxima of a given contour give a simple metric for the radial and circumferential extent ('length' and 'width') of different simulations; for example, the 0.75 (75%) transmission contour of Figure 1c has a length L0. 75 = 2.1° and width W0. 75 = 1.2°.
Introducing realistic values of principal transmittances (k1 = 1, k2 = 0.88) generates the image shown in Figure 1d , which demonstrates the faintness and low contrast of HB. 
Results
The relationship between the five categories of circularly symmetric macular pigment density and HB morphology for horizontal linear polarized light (ε = 0) is shown in Figure 1 (Category D1) and Figure 2 (Categories B, C, D, E). In both figures, the MPD function is compared to the radial diattenuator simulation, perfect diattenuation (k1 = 1, k2 = 0) and a HB simulation with representative physiological diattenuation (k1 = 1, k2 = 0.88).
Variation between simulations is evident in the density and contour plots. The exponential model (C) attenuates rapidly from the central peak and gives rise to a radial diattenuator simulation that is also rapidly radially attenuating and narrow (L0. 75 
Discussion
Haidinger's brushes were first described in the literature over 150 years ago [1], and while they have been depicted loosely as taking the form of a bushel of wheat, bow-tie, figure of eight, hour glass and propeller, among others, none of these descriptions seems to adequately do justice to the fact that everyone experiences their very own perception of the effect due to the physiological nature of the underlying mechanism. The model presented herein provides, for the first time, a comprehensive analysis of the various physiological parameters that alter the unique personal perception of HB, integrating the variable effects of corneal birefringence, macular pigment density and macular pigment distribution patterns. The resulting range of possible perceptions that can be calculated is highly variable and highlights just how different the experience can be among individuals.
The model is based on the accepted hypothesis [2] that the macula behaves as a radial diattenuator centred at the foveola and, unlike previous models [18] [19] [20] , it incorporates a density function that describes the spatial density distribution of diattenuating elements within the macula. In addition, the model incorporates diattenuation and ocular retardation; parameters known to affect the morphology and dynamics of HB in vivo. The model can generate both static and dynamic representation of HB for any mathematically defined macular pigment spatial density function. Isotransmission contours are used as a metric for the morphology and perceived intensity of HB. The radial and circumferential maxima of a chosen index isotransmission contour serve as parameters for the length and width of HB.
An additional component of this study was the definition of a twodimensional MPD function by modifying an existing one-dimensional model [32] . The normalized MPD function is then used as the density function defining the spatial distribution of macular pigment according to experimentally determined parameters. It assumes a circularly symmetrical distribution but can be adapted to accommodate real distribution patterns, which have been reported to vary from symmetry [33] .
Absolute values of macular pigment, here quantified by the diattenuation parameters, also determine both the visibility and the appearance of HB, as demonstrated in the density plots and isotransmission contours in Figure 3 . Thus for any particular MPD profile, high overall MP densities (low k2 values) generate darker (higher contrast), wider and longer brushes than lower MP densities (higher k2).
In reality, the radial extent of HB is determined both by macular pigment density and the areal extent of Henle fibre density. Thus a more accurate density function will take both factors into account, but this will require more detailed data regarding Henle fibre geometry than is available at present. The assumption of the present study that MPD is the principle determinant of HB morphology is reasonable given the known association between MP and the Henle fibre layer [38] . The model, however, is general and can readily incorporate a redefined density function as required.
Simulation results show the effect on HB of varying spatial distributions of MP (Figure 1, Figure 2 ). Different density functions affect radial (length) and circumferential (width) extent of HB (e.g. Figure 2 compare C and E) and HB morphology (e.g. Figure 2 compare C and D1). The known inter-individual variation in MP distribution [39] [29] is therefore a factor to be included when considering the variation in perception of HB. When corneal retardation is varied, the model generates animated HB simulations that demonstrate the variance in the dynamic aspects of HB behaviour for individuals with different corneal retardation (both optical thickness and orientation of the optical slow axis of retardation). The effect on the perception of HB when observing a rotating polarized light field can vary from HB rotating smoothly through 360° to only brief glimpses of the brushes in quadrants aligned with retardation axes (see Supplementary Material visualizations 3 -5).
The effects of ocular retardation on HB contrast and relative orientation are well known, having been modelled theoretically [20] and demonstrated experimentally [36] . The equations of previous authors using different methods [18] [19] [20] can all be derived from simplifications of Equation 2, supporting the validity of the present model. There are several particular observations with respect to retardation that arise from the present study. For typical corneal retardations (φ ≤ 0.11λ), the effect on HB appearance and dynamics is minimal (Figure 4 left two columns, see Supplementary Material visualization 2). The changes in contrast and non-linear relationship between orientation of HB and orientation of incident e-vector become increasingly evident with higher retardations (e.g. Figure 4 right two columns, see Supplementary Material visualizations 3, 4). It should be noted, however, that such high values only occur in a minority of subjects. For most individuals, retardation is considerably less (φ < 70 nm = 0.15λ) [25, 35] .
This study demonstrates that variations in (1) diattenuation (here related to total macular pigment density), (2) the spatial distribution of diattenuation (described by the density function and related to macular pigment spatial distribution) and (3) the retardation properties of the ocular media all contribute to the perceived appearance of HB. These factors all show considerable in vivo intersubject variability and are sufficient to account for the known intersubject and inter-ocular variability in the perception of HB.
Photography of the macula with polarized light generates a 'Maltese cross' or brush-like pattern that has been proposed as an objective equivalent to HB [40, 41] . However, this 'macular cross' phenomenon differs from HB in its spectral characteristics, form and behavior, and probably results from macular radial birefringence [42] . To date, objective imaging of HB has not been possible because of its entoptic nature. Pictorial representations of HB have either been subjective artistic impressions of variable accuracy, or simple unbounded computer graphic simulations similar to Figure 1a . The static and animated graphical representations of HB presented in this study are proposed as realistic simulations of the observed appearance and behaviour of HB. Thus, apart from utility in the theoretical exploration of HB, these representations are also useful for educational, illustrative and demonstration purposes.
Quantitative studies of HB have derived information about macular pigment density [5, [15] [16] [17] and ocular retardation [16, 36] . These have clinical relevance in that macular pigment density and distribution is affected by macular disease, and inter-observer variations in ocular retardation may act as a confounding variable in any qualitative or quantitative clinical assessment. The model assumes that there are no depolarization effects. Depolarization due to light scatter, particularly from lens opacities and other inhomogeneities of the ocular media, may affect the perception of HB. Therefore, the effects of media opacities, especially in the elderly, require further study. The clinical applications of HB are subjects of current research, particularly with respect to quantifying macular pigment density and diagnosis of macular disease [17] . The model presented in this study further enhances the theoretical foundation for these and future investigations.
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